Laplace Approximations for
Deep Learning

A Bayesian Odyssey in Uncertainty: from Theoretical
Foundations to Real-World Applications
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Deep Learning
Data D = {(xn,¥,,)}2_,, weights 8 € R and model hyperparameters M

S f(x,@) c RE y:healthyl

Y

Training: mein >y, f(xn,0))

— Successful at learning complex patterns from large data sets

!Band, Rudner, E, Gal. Benchmarking Bayesian Deep Learning on Diabetic Retinopathy Detection TaskéeurlPS 2021.



Probabilistic View

min 3, 0(y,,, (5, 6)) + R(6)
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Regularization

max > logp(y,|xn, 0, M) + log p(6| M)

Likelihood
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Maximum a-posteriori objective
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Deep Learning Workflow

Training MAP

6= max L(0)

—\Validate M— Input x.

|

Inference f(xx, 6)
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Part |: Model Selection Part Il: Predictive
Uncertainty



Part |: Bayesian Model

Selection with Laplace
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Part II: Predictive
Uncertainties with Laplace

+|epistemic uncertainty “
heteroscedasticity




The Bayesian Approach

(unnormalized) density

MAP

max p(D|0, M)p(6| M)
Likelihood Prior

AVide BY, 1p(D|g, M) p(O] M) db
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Advantage 1) Bayesian Model Selection
Optimize marginal likelihood: p(D|M) = [p(D|0, M) p(8| M) db

Adapted from Rasmussen et al.

Ms
1 too complex Ojust rightO too simple
— " &
g ¢ L 0 “ ot
e/ D | 2 ’ .'.' ° * .l.'
Datasets g

I Occam’s razor: balance data-fit and model complexityl-2

Blumer, Ehrenfeucht Haussler, Warmuth. OccamOs Razoinformation processing letters 1987.
2Rasmussen, Ghahramani OccamOs RazoNIPS 2001.



Advantage 2) Predictive Uncertainty

Posterior predictive: p(y,|x«, D) = [p(y.|x«,0)p(0|D) do

Posterior

0.08

— p(6ID) |
0.06
£ 0.04 s O
© ) epistemic (95%)
0.02 B aleatoric (95%)
—— mean
0 T T I —4 T T T I
-10 0 10 0 2 4 6

I Additionally provide epistemic uncertainty
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Aleatoric vs. Epistemic Uncertainty

Potential definition of uncertainties as variance decomposition:

2
Voiylx.,0) Y] = / Vo (yix.,0) y]p(0|D) dO+ / (Epylx..0)[¥] = Epgyix..0)[¥]) " p(8]D) d6

epistemic

Variance in labels for same input ! aleatoric uncertainty

No similar input to x,! epistemic uncertainty

IKwon, Won, Kim, Paik.Uncertainty Quantipcation using Bayesian Neural Networks in ClassibcatiGomputational Statistics & Data Science 2020.
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Laplace Approximations
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Laplace Approximation

Posterior Laplace

‘\ Hessian
H; = _Vgc(e)‘ezé

MAP 4 4

1) MargLik: log ¢(DIM) = log p(D, | M) — L log |5=H (M)
2) Posterior:  q(8) = N(6;6, Hgl)
3) Predictive:  q(y.|x.,D) = [p(y.[x., O)N(6;6,H; ") do

But: Hessian in O(F2) not tractable for Deep Learning

Laplace. MZmoire sur les probabilitZs MZmoiresde I'AcadZmieroyale des sciences de Paris 1778. 19
2MacKay. A practical Bayesian framework for backpropagation networkdNeural Computation 1992
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Efficient Hessian Approximations

Replace full O(P?) by structured positive-definite approximations O(P}-2

D--—>Q—@—>Q—
P P

Full KFAC?23 Diagonal

p

I Tractable for extremely large models

IRitter, Botev, Barber.A Scalable Laplace Approximation for Neural NetworkdCLR 2018. 12
’Martens, Grosse.Optimizing Neural Networks with Kroneckefactored Approximate CurvatureICML 2015.



Efficient Hessian Approximations

@ Generalized Gauss-Newton (GGN) instead of Hessian:

Vilogp(D|0) = V3>, log p(y, |f(xn, 0))
~ 3 Jo(xn) | Vilogp(v,|f:)do(xn) + Vaf(xe - Nelegpty,ity)

|

NN Jacobian O(PK) Log loss Hessian w.r.t.
NN output function O(K2)

I Positive-semidefinite and reduced cost

13



Efficient Hessian Approximations

@ Decompositions and sampling for Jacobian-vector products:

Jo(x) ' Vi log p(y|H)Io(x)

= VKV GGN
= Epyinl! tlogp(yH?]  Fisher
"I ¢logp(y|f)? Empirical Fisher

I Reduce cost from O(PK)to O(P)and not require Jacobian

O(PK)
O(PS) S'1
O(P)

14
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Efficient Hessian Approximations

a I I
@ KFAC?! is a layer-wise block-diagonal structured approximation: L

nJ!(Xn)! ! (fn)\]!(xn)”| = [lan! gl,n]! (fn)[ain ! Jin ]!

)

Factors vary with layer type?

1

=" alanan]! On! G)gn]l" & n@ndn ! aGa! (fa)din

O(H) O(H?) o(H)

I Reduce storage O(P2) to O(P)despite having off-diagonal entries!

IMartens, Grosse.Optimizing Neural Networks with Kroneckefactored Approximate CurvatureCML 2015. 15
2Eschenhagen,Immer, Turner, Schneider, HennigKroneckerFactored Approximate Curvature for Modern Neural Network ArchitecturedNeurlPS 2023.
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Part |I: Bayesian Model Selection
for Deep Learning
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Structured Laplace Approximations

Structured Hessian approximations yield lower bounds to the Laplace marglik?:

L —5log|H| > L — jlog[Hp| > L — 5 log [Hp/|

o ", g | — full
—— blockdiag
\.\_\’ % AN kron
o) — diag
P S e - T 1
, 10' 2 10° 102
Full Bloil;féag Diag prior precision\

I Theoretical justibcation for approximations

17
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Practical Bayesian Model Selection with Laplace

Online Laplace approximation every F steps during training 1.

1) Gradient-based optimization of differentiable M

M — M + vV rlog q(DIM) Gradient -based Selection
I Can optimize high-dimensional hyperparameters without re -training
2) Comparison of models and checkpoints

log ¢(DIM) Discrete Selection

18

1lmmer, Bauer, Fortuin,RStsch Khan. Scalable Bayesian Model Selection for Deep LearningCML 2021.



Example: Gradient-Based Model Selection

Optimize prior precision (regularization) with parameters in one training run

! . ”
|
= 500
50 I I
(o]
= 250 | |
60 |
= 1073 1072 10! 100 10! 102

prior precision § € M

I Validation-based selection requires many iterations



CIFAR-10 Classification

NLL Error rate

-MargLik

o
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minutes of training

M = regularization per layer

Compare train performance:
Standard vs MargLik

Compare test performance:
I MargLik generalizes better

I Optimize thousands of regularization

parameters in only 2x runtime

20



Marginal Likelihood for Architecture Comparison

M = layerwise prior precision,

architecture

t o)) ~
o o o
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I Discrete selection possible after optimizing the prior

21



Examples of Bayesian Model Selection

. . ) . . .. °

I Regularization: weight decay/prior precision k. £g 32 x3:
rnoc =
Immer, Bauer, Fortuin,RStsch Khan. Scalable Bayesian Model Selection for Deep LearnindCML 2021. p g 2
Antoran, Barbano, E, Jin. Uncertainty Estimationfor Computed Tomography with a LinearisedDeep Image Prior. TMLR 2023. |b|y g =

Dhahri Immer, Charpentier,GYnnemann Fortuin. Shaving Weights with Occam's RazarPreprint 2024. HES w £ 16 x 1¢

8x8

I Selecting architecture, structure, variables NV

Zhou*, Yang*, Wang, PanBayesNAS A Bayesian Approach for Neural Architecture SearchiCVPR 2019. es
van der Ouderaa, Immer, van der Wilk.Learning Layerwise Equivariances Automatically using Gradient®NeurlPS 2023.

X
Bouchiat, Immer, Yeche, RStsch Fortuin. Improving Neural Additive Models with Bayesian Principle$CML 2024.

N
x
i

N
x
N

[N
X
[N

I Learning invariances/data augmentation

van der Wilk, Bauer, John, HensmanLearning Invariances using the Marginal LikelihoodNeurlPS 2018.
Immer*, van derOuderaat, Fortuin, RStsch van der Wilk.Invariance Learning in Deep Neural Networks [E]NeurlPS 2022.

22
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Limitations of Bayesian Model Selection

| Required probabilistic model ImageNet

90 NFNet-F6 w/ SAM

AmocbaNet-Ay _—eeas— S
ResNeXt-101_64%4
=10

80 ResNet=101"

I Can still require manual tuning or validation

TOP 1 ACCURACY

70 F‘ireCaffe (GooglLeNet)
60

50

I No benebt on saturated benchmarks

Other models  -e- State-of-the-art models

23
Ihttps:// paperswithcode.com/sota/image-classiPcationon-imagenetaccessed on 18" Sept 2024.
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Part 2: Predictive Uncertainties
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Laplace Posterior Predictive Underfitting

4y, %0, D) = [P(y.[x, )N (6; 6, H, ') O

$96&'%()

p(y[x, D)

Problem: Laplace posterior predictive underbts

25
ILawrence. Variational Inference in Probabilistic Models2hD Thesis 2001
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Linearized Laplace

Hessian approximations linearize implicitty
£2%(x, 0) = £(x, 0) + J5(x) (0 — 0) . o
We should keep this in mind for predictions: aleatoric (95%)

q(y. % D) = [p(y. 65" (x., 0))N(6;6,H; ") do

¢}
= )
epistemic (95%)
. ] o aleatoric (95%)
| Stabilizes and improves Laplace predictive —— mean
ILawrence. Variational Inference in Probabilistic Model$2hD Thesis 2001. 26

2Bottou, Curtis, Nocedal. Optimization methods forlarge-scale machine learning.SIAM Review 2018.
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Linearized Model as a Gaussian Process

bnn Bayesian glm weight/function ap
Ponn (D, 1) ! ggn 1Pgim (D, !)! <__s_pfi<_:eiyi_e\_/v__> Pgp(D,f) !
p(t) i Plynlf(xn,!)) p(')  , P(Yalfiy (Xn,!)) Pep () o P(Ynlfn)
fl!in! )= 00t )+ 30 o001 1) l Gaussian posterior approximation | l
at)= N(u,!) o(f) = GP(mq(x),Kq(x,X")

| Enables different posterior approximation techniques

Immer, Korzepa, Bauer. Improving predictions of Bayesian neural nets via local linearizatioAISTATS 2021 27
Deng, Zhou, Zhu. Accelerated LinearizedLaplace Approximationfor BayesianDeep Learning NeurlPS2022.



Laplace Posterior Predictive

I Last-layer is very cheap and effective baseline

Kristiadi Hein, Hennig.Being Bayesian, even just a bit, Pxes overconpdencerelu networks. ICML 2020.
Ober, Rasmussen.Benchmarking the neural linear model for regressiorMABI 2019.

I Laplace can improveensemblingfurther

Eschenhagen Daxberger, Hennig, Kristiadi Mixtures of Laplace Approximations [E].BDL@NeurlPS2021.

(c) Bayesian (last-layer)

I Linearizedpredictive can have a closedform (approximation)

Immer, Korzepa, Bauer. mproving predictions of Bayesian neural nets via local linearizatioAISTATS 2021.
Deng, Zhou, Zhu.Accelerated Linearized Laplace Approximation for Bayesian Deep LearningeurlPS 2022.

(d) Bayesian (all-layer)

28



Limitations

I Scalabilityissues in somecases!

I Linearizationcan be expensive

I Post-hoc cannot bPxbadly trained network

IKepf, Wanna, Miani, Moore, E, Warburg. Laplacian Segmentation Networks [E]. MICCAI 2024.
2Antoran, Janz, Allingham, E, Hernandez-Lobato. Adapting the Linearised Laplace Model Evidence for Modern Deep LearningCML 2022.

29
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% Fork 70 - Y¢ Star 447 -

@ Weights to be treated probabilistically with Laplace

Contributors 12 Deterministic network fy
0C92:® S0 80 8%
Optional: Train 6 as usual (MAP) (a) All (b) Subnetwork (¢) Last-Layer
Laplace(..., subset_of_weights={'all', 'last_layer'})
@ Hyperparameter tuning method *
@ Approximation of the Hessian
W B
Untrained fo FF. :; b
- & b
38 | F, ™)

(b) LRank  (¢) KFAC  (d) Diag.

Laplace(..., hessian_structure={'full', 'kron', 'diag'})

Q
b‘\
Q
$
& @ (Approximate) predictive p(y| fo(z. ), D)
P Ti= = Sis s 1
1”7 7 777 77 1 Classification |
, Regression 1 | |
| [ |
— I Monte Carlo ' ! M01'1te Catlg I
| . . ! 1 Probitapprox. i
, Exact predictive | | : |
. , 1 Laplace bridge |
(b) Post-hoc Laplace Lo -
la.optimize_prior_precision() la(x, link_approx={‘mc’, 'probit', 'bridge'})

30
1Daxberger*,Kristiadir, Immer*, Eschenhagert, Bauer, Hennig.Laplace Redux- Effortless Bayesian Deep LearningNeurlPS 2021.



Thank you!
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Estimating Heteroscedastic Aleatoric Uncertainty

#,<*,.8=%>&") "#
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'—'hf:\(

Coew
Model meany(x) and variance o?(x) of
a Gaussian likelihood:
- 2
g plylx. 1, 2) o ~ log ) — 5 £

Obijective balances mean and variance
I Hard to optimize and regularizé?3

IWessels, MendezMancilla E, Sanjana. Massively parallel Cas13 screens reveal principles for guide RNA desigiature Biotechnology 2020.
2Stirn, Wessels, E, Knowles. Faithful Heteroscedastic Regression with Neural NetworkISTATS 2023. 32
3Seitzer, Tavakolj Antic, Martius On the Pitfalls of Heteroscedastic Uncertainty Estimation with Probabilistic Neural Network€LR 2022.



cCCV

Problem with Mean-Variance Parameterization

Meanvariance parameterization does not yield concave log likelihood:

9% log N (y|p, 0?)

C|o?=2(n—y)?

002002

206

«—— Can be positive or negative.
| potentially indebnite Hessian
I not concave

I Cannot apply Hessian or Laplace approximations naively

33
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Revisiting the Natural Parameterization

Natural parameterization always yields a concave log likelihodd with

7 d 1
= — an = —_——-
m 2 T2 952

I Hessian and Laplace approximations straightforward

I Neural network models both natural parameters

1Le, Smola, Canu. Heteroscedastic Gaussian process regressionlCML 2005. 34
2Martens. New insights and perspectives on the natural gradient methodJMLR 2020.
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Heteroscedastic Regression lllustration

Homoscedastic MAP Homoscedastic Laplace Heteroscedastic MAP Heteroscedastic Laplace

I'5 0 5 I'5 0 5 I'5 0 5 I'5 0 5
X X X X
ground truth — mean epistemic aleatoric
35

Immer, Palumbo, Marx, Vogt.Effective Bayesian Heteroscedastic Regression with Deep Neural NetworkdeurlPS 2023
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Epistemic Uncertainty in Heteroscedastic Regression™

Problem: predict gene knockdown efbcacy of guides in CRISPR systein

I"#$ W' (#H)*(+ %./01 23+45468&+**8%./01 23+45468&+**8%81:;

Homoscedastic { —IH 1 g { —O0—

Mean-Var 1 HIH ] Iy | —H

Beta-NLL! 1 HIH ] - ] —{IH

Faithfuf { 1 — - 1 —{

Variationaty  HH 3 HEH : O

Natural + MAP' HT g — g HIm—
Natural + Laplace' —TH & HiH & Hom

00 -04 00 -03 -0.2
Log Likelihood Log Likelihood Log Likelihood

I Improvements due to both natural parameterization and Laplace

1Seitzer, Tavakolj Antic, Martius On the Pitfalls of Heteroscedastic Uncertainty Estimation with Probabilistic Neural Network€LR 2022. 36
2Stirn, Wessels, E, Knowles. Faithful Heteroscedastic Regression with Neural NetworkAISTATS 2023.



